
2032 AIAA JOURNAL VOL. 7, NO. 10

Fig. 2 Schematic of flat-plate test apparatus.

this mode of combustion and gain insight into the magnitude
of the pressure increases obtainable.

Experimental Techniques

The experimental program was conducted in a Mach num-
ber 2.0, combustion heated, blowdown wind tunnel at nominal
stagnation conditions of 106 psia and 1400° to 3300°R.
Make-up oxygen was added to provide vitiated air with the
correct proportion of atmospheric oxygen. A schematic of
the experimental apparatus is shown in Fig. 2. The test
section was a 4-in. square, and on one wall a |-in.-thick PMM
plate was mounted. The plate was 18 in. long, 4 in. wide, and
had a rounded leading edge. Since the tests were of short
duration, and the amount of PMM ablated was small, the
phenomenon was considered to be occurring in a constant-
area duct. Pressure taps were located on the surface of the
model and along the top wall of the test section. The leading
edge of the plate produced a curved oblique shock which re-
flected from the tunnel wall and the plate.

Results
The pressures measured during the test are shown in Fig.

3 and are expressed as pressure coefficients referenced to test
section conditions Cp = (P — Po)/qo where the subscript 0 de-
notes freestream conditions. The test labeled "without burn-
ing75 was run at a stagnation temperature that was high
enough to permit ablation but low enough to preclude burning
(TT = 2100°R). An additional test made with cold dry air
(TT = 500°R), so that no ablation occurred, resulted in approxi-
mately the same pressures as the test with ablation but no
burning. The test labeled "with burning" was run at a
stagnation temperature of approximately 3000°R. The oc-
currence of burning was verified by photographs taken during
the test. The difference in measured pressures shown in Fig.
3 (A(7P = 0.30 at the end of the plate) is due to combustion of
the PPM albation products in the freestream air.

Theoretical calculations of the pressure rise due to combus-
tion of the ablator were made, based on a one-dimensional
constant-area heat addition process. The calculations depend
on the Mach number MI in the constant-area duct at the
start of burning. This Mach number is determined by the
reduction in area from the test section to the duct and by
the recovery IJR of the shocks and reflections produced by
the curved leading edge of the plate, that is, the ratio of the
total pressures across the shock system. A recovery of 0.80 to
0.85 approximates the pressure loss resulting in MI around
1.6. However, since the recovery is not known exactly, Mi
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Fig. 4 Combustion ablator fuel/air ratio.

is retained as a parameter in presenting results. The results
of the theoretical calculations of the constant-area burning
process are shown in Fig. 4 as curves of the pressure rise co-
efficient A(7P vs the ratio of fuel flow to airflow W//WQ. The
test point indicates the measured value of AC? as deduced
from Fig. 3. The test value of Wf/WQ was determined from
the ablation rate W/ and the measured tunnel flow WQ. The
ablation rate was determined by weighing the plexiglas plate
before and after the test and dividing the difference in weight
by the time duration of the test. The results show that the
test point is in close agreement with the theoretical results,
thereby indicating a relatively efficient combustion process.

In summary, the tests and analysis described herein simu-
late a rudimentary combustor and provide limited confirma-
tion of the feasibility of utilizing ablative materials as fuels
for hypersonic airbreathing propulsion systems.
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Effective Viscosity in a Turbulent
Boundary Layer
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Nomenclature

C = constant, Eq. (2)
Cf = frictional drag coefficient defined as 2rs/pwe2

K — constant, Eq. (1)
I = Prandtl's mixing length, Eq. (7)
P = constant, Eq. (1)
Re% = Reynolds number based upon momentum thickness,

Eq. (3)
u = velocity in x direction, Eq. (4)
UG = u in the mainstream
u+ = nondimensional velocity defined as w/(rs/p)1/2, Eq. (1)

Fig. 3 Experimental values of pressure coefficient on a
PMM flat plate.
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UG+ = nondimensional velocity defined as UG/(rs/p)l/2, Eq. (1)
v = velocity in y direction, Eq. (4)
x = distance measured along the plate, Eq. (4)
y = distance normal to the plate, Eq. (4)
y+ = nondimensional distance defined as 2/(rsp)1/2/Ai, Eq. (1)
a. = constant, Eq. (3)
j8 = constant, Eq. (3)
7 = constant, Eq. (10)
8 = boundary-layer thickness
?j = nondimensional y defined as y/8, Eq. (1)
p = density, Eq. (5)
fj, = laminar dynamic viscosity, Eq. (10)
Meff = effective dynamic viscosity, Eq. (10)
T = shear stress, Eq. (4)
TS = shear stress at the wall, Eq. (6)

AQUANTITATIVE degree of understanding of the be-
havior of turbulent boundary layers began with Prandtl1

and von Karma" n.2 Confidence was established in the law of
wall. Complementing the law of wall the work of Clauser3

and Coles4 established the outer defect profiles. Following
these studies, the turbulent boundary-layer mean velocity
data can be correlated by the similarity law to a high degree of
accuracy. The present Note describes an examination of the
existing mean velocity data for flat plate and presents an
analysis that yields a continuous eddy viscosity described by a
single equation.

Experimental data

Careful and extensive measurements of mean velocity pro-
file on smooth flat plate with a turbulent boundary layer have
been reported by several investigators, Schultz-Grunow,5
Wieghardt and Tillmann,6'4 Hama,7 and Klebanoff and Diehl.8
These data are correlated by the Coles' similarity formula,

UG+ - u+ = -(!/£) ln(ij) + (P/£)[l + cos^)] (1)
where the best values of K and P are found by the present
authors to be 0.39 and 0.36, respectively.

In accordance with Coles,4 the mean velocity profile may
also be written

u+ = (l/K) + C + (P/K)[l - (2)

in which K and P are the same constants as mentioned pre-
viously and C is a constant the magnitude of which can be de-
termined from u+ and y+ data or alternatively from UG+
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Fig. 1 Computed shear-stress distribution at various
Reynolds numbers. ———, Eq. (8).
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Fig. 2 Computed Prandtl's mixing length at various
Reynolds numbers. — , Eq. (9).

[=(2/C/) 1/2] vs Re* data. We shall derive the best value of C
from the latter data collected by Spalding and Chi.9

Using Eq. (1) and the definition for Re^, one obtains
Re* = [(I + P)/K - 2(1 + aP +

PP*)/(K*U0
+)] exp[KuG

+ - (2P + KC)] (3)
where the values of a and ft are equal to 1.6 and 0.75, respec-
tively. It has been found that a good correlation of UG

+ vs
Ret data by Eq. (3) is obtained at C = 5.2.
Evaluation of Shear Stress and Prandtl's Mixing Length

The equations of motion for the mean velocity on a flat
plate may be written

(du/dx) + (bw/dy) = 0 (4)
and

(5)

Substituting Eq. (1) into Eqs. (4) and (5), after somewhat
lengthy but straightforward manipulations, one obtains the
following shear-stress formula:

T/TS = 1 + \Ku+r} + (Ku+ - 2) Ku+drj -

2 P (Ku+^drj + 7rP(l + KuG
+)Ku+ Jj rj sm(wr))di] -

27rP(l +' KuG
+) + P) -

4Ku +(l + aP + 0P2) + 2(1 + ap + 0P2)} (6)

In Eq. (6), u+ is a function of 77, which is given by Eq. (1),
and UG

+ is a function of ReZ) which is given by Eq. (3) . Hence,
for a given value of Re* the shear-stress distribution T/TS vs 77
can be calculated from Eq. (6), with the aid of Eqs. (1) and
(3), in a straight forward manner. Figure 1 shows the calcu-
lated T/TS vs 77 at several values of Re%.

In the analysis of turbulent shear flow, it is common to
postulate a relationship between the local shear stress and the
velocity gradient. Taking into consideration the region out-
side the wall influence, the Prandtl's mixing-length hypothesis
can be written

Z/5 = (T/T.W(du+/dji) (7)
Combination of Eqs. (1, 6, and 7) yields an expression for the
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Fig. 3 Comparison of the computed and measured shear-
stress distributions. O, experiments at Re% = 1.24 X

1Q4. ———, Eq. (8).

mixing length, which for brevity is not written out here in full.
However, the calculated values of l/d vs 77 at several values of
Re% are shown in Fig. 2.

Turbulent Boundary-Layer Effective Viscosity

It can be seen in Figs. 1 and 2 that T/TS and l/d are, re-
spectively, weak functions of Reynolds number. For practical
purposes, it is convenient and sufficiently accurate to express
T/TS and l/d as functions of 77 only. These functions can be
represented by

T/TS = 1 - 2772 + 773 (8)

1/8 = 0.4)7 - 0.5772 + 0.2773 (9)
within an accuracy of about ±3%, as can be seen in Figs. 1
and 2.

In order to derive an analytical expression for the effective
viscosity which is also valid for the region close to the wall, it
is necessary to estimate the effect of viscous damping on the
mixing length and the molecular viscosity. Accepting van
Driest's10 conclusion, our effective viscosity expression, fol-
lowing Eq. (9), can be written as

Meff . = M + P(5(0.477 - 0.5772 +
0.2773)[1 — exp(—76+77) ]}2|d^/d2/| (10)

in which 7 is a constant,
found to be 0.05.

Its appropriate value has been

Results and Conclusion

Existing mean velocity data for incompressible turbulent
boundary layer on a flat plate were examined and correlated by
the Coles' similarity formula. Based upon the correlated
mean velocity data, the boundary-layer equations were
solved for the shear-stress and the PrandtFs mixing-length
distributions.

An analysis of the computed shear-stress and mixing-length
profiles was made. It was found that 1) the shear-stress dis-
tribution can be represented by Eq. (8) and that 2) the turbu-
lent boundary-layer effective viscosity can be represented by a
single analytical expression of Eq. (10).

The comparison between Eq. (8) and the experimentally
measured shear stresses, using hot wire technique, is shown in
Fig. 3. The data, which were taken from Klebanoff,11 are in
good agreement with the present computation, as can be seen
in Fig. 3.

Combining the definition for the effective viscosity T =
Meff (dtt/dj/) with Eqs. (8) and (10), it can readily be shown that
the mean velocity distribution based upon the present effec-
tive viscosity can be calculated by

-/o'
28+(l -

1 + (1 +4(6+)2(l - 277 + *73) {(0.477 - O.ST?2 + 0.27J3) [1 - exp (-0.056+77) J}2)1/2 (11)
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Fig. 4 Comparison between
the predicted and the mea-
sured velocity profiles. ,

Eq. (11).
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The agreement between the mean velocity profiles computed
from Eq. (11) and the experiments of Schultz-Grunow,5 Free-
man, and Klebanoff and Diehl,8 is remarkably good at all
Reynolds number values as can be seen in Fig. 4.
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An Experimental Study of a Yawed
Circular Cone in Hypersonic Flows

Y. Y. CHAN*
National Aeronautical Establishment, Ottawa, Canada

IN recent years, flowfields over conical bodies can be calcula-
ted to some extent because of the advance in computational

techniques. These computational methods give information
on a more general condition which is no longer a small pertur-
bation from a known flowfield at zero incidence. For a cone
at incidences in a supersonic stream one may calculate the
inviscid flowfield up to the relative incidence a/Be where a
is the angle of attack and 6c is the semiapex angle of a cone,
about unity until either the cross-flow velocity component
(in a spherical polar coordinate system with the cone apex
at the origin) reaches supersonic locally, at which im-
bedded shock waves may be formed, or the vortical singularity
at the leeward generator leaves the surface.1"3 The laminar
compressible boundary-layer flow over the cone surface may
also be computed from the most forward generator towards
the lee side of the cone until the boundary layer separates
from the surface.4"8 These methods for boundary-layer
computations can be applied up to a moderate angle of attack
of the cone and require only the knowledge of pressure dis-
tributions on the cone surface, provided that the vorticity
interaction close to the most windward generator is small and
negligible.

The aim of the present work is to determine experimentally
some flow quantities, such as static pressure distributions,

Fig. 1 Pressure dis-
tributions on a 15°
circular cone at
Mm = 10.4, Remx =

106.
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heat-transfer distributions, and flow directions on the surface
of a cone at moderate angle of attack. From these results the
range of application of these advanced methods of computa-
tion for both inviscid and boundary-layer flows are assessed.

Experimental Methods

Measurements were made on a right circular cone with a
semiapex angle of 15°. The model is 4 in. long and the mea-
suring station is located at 3j in. away from the apex so that
the effect of self-induced pressure interaction at hypersonic
speed is negligible at the present testing condition. The pres-
sure measurements were made by small variable reluctance
pressure transducers located inside the model as close as pos-
sible to the measuring holes. The heat-transfer measure-
ments were made by heat-transfer gages of thin film ther-
mometer type placed along the cone generator. The oil dots
technique was used for surface flow visualization. The
directions of the surface flow were then measured from the
flow patterns.

The experiments were performed in the National Aeronau-
tical Establishment hypersonic gun tunnel. The Mach
number in the test section was 10.4 and the Reynolds number
was 3.7 X 106/ft. The wall-to-stagnation temperature ratio
was 0.23 and the boundary layers were laminar for these con-
ditions. The model was pitched at relative incidences up to
1.2 with 0.2 steps. Surface pressure and heat-transfer dis-
tributions were measured at 15° circumferential angle steps
around the cone.

Results and Discussion

With the assumption of high Reynolds number flow, the
theoretical results for the inviscid and the viscous flows could
be computed separately. The inviscid flowfields were cal-
culated by the method of Ref. 3 for different relative inci-
dences until local supersonic crossflow occurred (at a/dc about
unity for the present conditions). The resulting pressure
distributions from the inviscid flow model were then used to
compute the boundary-layer flows by the method of Ref. 7.

The pressure distributions on the cone surface at different
relative incidences are shown in Fig. 1. The over-all agree-
ment between the computed pressure distributions and the
experimental results is very good. At relative incidences of
0.6 and 0.8, the measured pressure is slightly higher than the
theoretical curve at the circumferential angle $ near and at
180° (where <t> is measured from the most windward generator
of the cone). This is due to the piling up of vortical fluid in
this region and to the displacement of the viscous flow effec-
tively changing the local pressure distribution as observed in
Refs. 9 and 10. At a/dc = 0.8, the pressure minimum starts


